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Abstract

The orientation of a surface can be derived from the X, Y, Z position of three or more points lying on it. Two different methods are

presented to obtain average surface orientations from points belonging to the surface. One consists of calculating a best-fit plane through a

planar regression of data, which yields an average orientation for sets of more than three points. The second approach consists of analyzing

the moment of inertia of the set of points to obtain the orientation of the best-fit plane and a measure of the spatial distribution of points. The

quality of the orientation measurement depends strongly on the spatial distribution of points and can be evaluated with the use of eigenvalues.
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1. Introduction

The three-point method to obtain the strike and dip of

geological surfaces from 3D georeferenced data has been

used by many authors (e.g. Berger et al., 1992; Bilotti et al.,

2000) and is described in many handbooks (e.g. Groshong,

1999). This method has been applied classically on outcrop

traces and can also be implemented on any set of 3D

georeferenced data including depth-migrated seismic hor-

izons or even isolated points.

The three-point approach consists of picking three points

with known X, Y, Z coordinates and calculating the

orientation of a plane fitting the three points. In doing so

one assumes that the surface under study is planar and that

the three points selected to define the surface attitude are

representative of the surface.

The main drawback behind this approach is that the

quality and reliability of the result depend heavily on the set

of points selected to perform the calculations (e.g. Banerjee

and Mitra, 2004). Frequently, more than only three points

with known X, Y, Z coordinates are available for any one

surface. For instance, digitized outcrop traces and seismic
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horizons have as many points as digitized nodes. Therefore,

to obtain representative measurements it is preferable to use

the largest amount of points in calculations, as long as they

define a single planar surface.

Two methods can be used to obtain average orientation

values that are statistically reliable by incorporating more

than three points in calculations. One method consists of

defining the surface orientation and position by calculating

the best-fit plane for a set of points through a planar

regression (briefly described by Banerjee and Mitra (2004)).

The other approach consists of performing a moment of

inertia analysis on the set of points. The moment of inertia

analysis also provides parameters to evaluate the reliability

of the orientation measurement.
2. Planar regression

The first approach to obtain an orientation from a set of

points consists of finding a best-fit plane through a planar

regression. A best-fit plane can be defined with the equation:

ðxi K �xÞZBðyi K �yÞCCðzi K �zÞ (1)

where �x, �y, and �z are the respective mean values of X, Y, and

Z coordinates of all points. To find the equation of the best-

fit plane for a given set of points, Press et al. (1986) present

the following equations that have to be solved for B and C:
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The result of the regression is a plane that passes through

a point with coordinates ( �x, �y, �z) and is returned in the form

of a vector normal to the best-fit plane that can be converted

to dip direction/dip notation.

The equations by Press et al. (1986) need to be corrected

to deal with traces striking perfectly E–W by replacing Eq.

(1) with the following definition:

ðyi K �yÞZAðxi K �xÞCCðzi K �zÞ (4)

and modifying Eqs. (2) and (3) accordingly.
3. Moment of inertia analysis

The second approach consists of estimating the moment

of inertia of a set of nodes and using the axis of maximum

moment of inertia as the pole to the best-fit plane. This

approach is equivalent to the process used in standard

structural analysis to define girdle distributions (Woodcock,

1977; Davis, 2002). To estimate the moment of inertia of a

set of points, it is assumed that the best-fit plane passes

through a point whose coordinates are the average of the X,

Y, and Z coordinates of the nodes (the nodes’ center of mass

( �x, �y, �z)). The vectors linking the center of mass with each

node are calculated, and an orientation matrix T is

constructed (as proposed by Woodcock, 1977):
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where li, mi, and ni are the X, Y, and Z components of the

individual vectors, without normalizing. Matrix T is a

symmetrical matrix and can therefore be solved to obtain its

eigenvalues (l1, l2, and l3) and eigenvectors (v1, v2, v3).

Eigenvalue l1 and eigenvector v1 correspond to the

orientation with maximum density of vectors. Eigenvalue

l3 and eigenvector v3 correspond to the orientation with the

minimum density of vectors and maximum moment of

inertia, and therefore the pole to the best-fit plane.
4. Evaluating quality of the orientation measurement

There are two concepts that define the quality of an

orientation measurement obtained from a set of points: the

degree of fit of the plane to the points, and the reliability of
the measurement. The degree of fit of the calculated plane is

inversely proportional to the distance of the nodes to the

plane, whereas the reliability is a concept associated with

the stability of the solution.

4.1. Degree of fit of a planar regression

For planes obtained through a planar regression, the

degree of fit of the plane calculated is defined with the value

of the correlation coefficient RZ (the correlation coefficient

of Z with respect to X and Y) (Press et al., 1986):

RZ Z
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and B and C are as in Eq. (1).

The values of RX and RY can also be calculated to

complement the information provided by RZ.

An alternative measure of the fit of the plane to the

source data can be provided by the mean distance ( �dist) of
individual points to the plane calculated as:

�dist Z
1

n

X
PC ðxi CByi CCziÞj j=
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1CB2 CC2

p
(9)

where:

PZ �xKB �yKC �z (10)

This measure is particularly useful for surfaces with

elevated dips, which yield misleading values of RZ.

4.2. Degree of fit and reliability for moment of inertia

analysis

For best-fit planes obtained with a moment of inertia

analysis, the degree of fit and reliability of the best-fit plane

can be defined by the ratio between the three eigenvalues of

the orientation matrix, following the criteria proposed by

Woodcock (1977).

The degree of fit can be defined by the ratio between l1
and l3:

M Z lnðl1=l3Þ (11)

The larger this ratio, the more co-planar the nodes (Fig.

1), and thus the smaller the distance between the nodes and

the best-fit plane.

However, a high degree of fit is not necessarily

synonymous with good orientation quality, as the measure-

ment is not necessarily reliable. For a set of points to be

optimal to obtain a reliable orientation measurement, the

nodes must be as far from co-linear as possible, and as



Fig. 1. Spatial distribution of point data according to the different ratios

between eigenvalues. MZln(l1/l3) and KZln(l1/l2)/ln(l2/l3). Sets of

points with values falling in the gray shaded area yield best-fit planes with

good degrees of fit and reliability. Modified from Woodcock (1977).
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distant from the nodes’ center of mass as possible (Fig. 2).

For a set of highly co-linear nodes many best-fit planes can

be defined with a similar degree of fit. An extreme case

would be a perfectly linear set of points, through which

infinite planes with different orientations can be defined, all

with an equal degree of fit. On the other hand, for non-co-

linear nodes, slight variations in the best-fit plane’s

orientation will cause significant differences in the degree

of the fit. A best-fit plane’s orientation will be more reliable

if a slight change in the plane’s orientation causes a

significant decrease in the degree of the fit. Thus, the less co-

linear the nodes, the more reliable the plane’s orientation,

irrespective of the degree of fit.

The advantage of the moment of inertia analysis over the
Fig. 2. The reliability of the orientation measured from an outcrop trace

depends on the distribution of its nodes in space. A trace whose nodes are

distributed evenly around its center of mass (a) will provide a more reliable

measure of orientation than a trace with more co-linear nodes (b). Even if

the orientations of vectors in (b) are widely distributed (over 1808 in range),

the longer vectors weigh more than the shorter ones, yielding a cluster

distribution.
planar regression is that it provides a quantitative measure

of the shape of the trace, and therefore its reliability. As the

vectors that are introduced in the orientation matrix are not

normalized, those with a larger modulus weigh more in the

orientation analysis. Therefore, even if vectors have a wide

range of orientations, if there is a particular preferred

orientation with a marked maximum of vector lengths, the

distribution will approach a cluster (Fig. 2). The less co-

linear the nodes, the more the distribution of vectors

approaches a girdle distribution, and the better the reliability

of the measure of the orientation of the best-fit plane (Fig.

2). The degree of co-linearity of a point (and thus the

reliability of the best-fit plane) can be expressed as a ratio of

the orientation matrix eigenvalues (Woodcock, 1977). For

any orientation matrix, a value K can be defined such that

(Woodcock, 1977):

K Z lnðl1=l2Þ=lnðl2=l3Þ (12)

To quantify the relationship between the values ofM and

K and the quality of the orientation measurement a test was

carried out on sets of points with different distributions (Fig.

3). Points were distributed around a center of mass, at a

fixed distance (Fig. 3a). Their distribution was measured

with angles q and a (Fig. 3a). A moment of inertia analysis

was performed on sets with varying values of q and a to
Fig. 3. Test to define equivalences between eigenvalues and the spatial

distribution of points. (a) A set of points or nodes distributed around a

center of mass defines a best-fit plane. Points are contained in two

symmetrical prisms, which can be defined by angles q and a. (b) Table

indicating the correlation between the value of angle q and M if all points

are equidistant from the center of mass and distributed homogeneously

above and below the mean plane. The value of aZ1808. (c) Table showing

the correlation between the value of angle a and K if all points are

equidistant from the center of mass. Points are distributed homogeneously

above and below the mean plane with an angle of qZ28.
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derive two tables (Fig. 3b and c). Two threshold values are

proposed for M and K according to their correlation with q

and a. For the fit of the best-fit plane to be good, values for

M should be greater than four, corresponding to points that

are distributed homogeneously within less than 68 of the

best-fit plane (q!68) (Figs. 1 and 3b). Reliable orientation

values are found to be provided by sets of points distributed

along the best-fit plane over a range of more than 308 (aO
308) that yield values of K below 0.8 (Figs. 1 and 3c).
5. Conclusions

The use of planar regression and moment of inertia

analysis algorithms are an effective manner of calculating

representative values of surface orientation from sets of

points. These tools can be applied recursively to different

sets of points belonging to a same surface to analyze the

spatial variation in surface attitude.

The eigenvalues derived from the moment of inertia

analysis prove to be a powerful tool to estimate the quality

of the orientations calculated by providing a quantitative

measure of the spatial distribution of points.
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